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Abstract
A torsion theoretical characterization of left Noetherian rings R over which injective hulls of
simple left modules are locally Artinian is given. Sufficient conditions for a left Noetherian ring
to satisfy this finiteness condition are obtained in terms of torsion theories.
Introduction
A famous open problem in ring theory is Jacobson’s conjecture which asks, for a two sidedNoetherian
ring R with Jacobson radical J , whether it is true that
⋂∞
i=1 J
i = 0. Jategaonkar [11] showed in 1974
that fully bounded Noetherian (FBN for short) rings satisfy Jacobson’s conjecture. A key step in his
proof is that over a FBN ring R, finitely generated essential extensions of simple left modules are
Artinian. This is equivalent to the property
(⋄) injective hulls of simple left R-modules are locally Artinian.
The natural question whether this holds for arbitrary Noetherian rings was shown not to be true by
Musson (see [14] or [15]).
It should be noted that if R is a Noetherian ring which satisfies (⋄), then R satisfies the Jacobson’s
conjecture. This makes the property (⋄) interesting on its own and some Noetherian rings have been
tested whether they satisfy this property or not. Recently, interest in this property has increased
when Carvalho, Lomp, and Pusat-Yılmaz [2] considered this property for Noetherian down-up alge-
bras and started the characterization of these algebras with property (⋄) by giving a partial answer.
This characterization has been then completed in the following works of Carvalho and Musson, and
Musson [3], [16]. These results have been followed by a characterization of finite dimensional solv-
able Lie superalgebras g over an algebraically closed field of characteristic zero whose enveloping al-
gebraU(g) satisfies (⋄) [10]. Most recently, a complete characterization of Ore extensions K[x][y;α,d]
of K[x] with property (⋄) has been obtained in [1].
There is a way in which torsion theories and property (⋄) can be linked. We prove in Proposition 3
below that for a left Noetherian ring R, injective hulls of simple left R-modules are locally Artinian if
and only if Dickson’s torsion theory is stable. This connection makes it possible to carry the study of
Noetherian rings satisfying property (⋄) to the area of stable torsion theories. Using the results from
stable torsion theories, we are able to obtain more examples of rings which satisfy property (⋄).
The organization of the paper is as follows. In the first section we briefly recall the general notions
of torsion theories. We then consider in the next section stable torsion theories and obtain certain
conditions on rings which lead to property (⋄). The next part of the paper is devoted to some classes
of rings that satisfy these certain conditions.
1 Generalities on torsion theories
Let R be an arbitrary associative ring with unity and let R-mod denote the category of left R-modules.
Dickson had the idea of carrying the notion of torsion in abelian groups to abelian categories, and
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he defined in [5] a torsion theory τ on R-mod to be a pair τ = (Tτ ,Fτ) of classes of left R-modules,
satisfying the following properties:
(i) Tτ ∩ Fτ = {0},
(ii) Tτ is closed under homomorphic images,
(iii) Fτ is closed under submodules,
(iv) For eachM in R-mod, there exist F ∈ Fτ and T ∈ Tτ such thatM/T  F.
We call Tτ the class of τ-torsion modules and Fτ the class of τ-torsionfree modules.
Let A and B be nonempty classes of left R-modules. If A = {M | HomR(M,N ) = 0 for all N ∈
B} then A is said to be the left orthogonal complement of B. Similarly, if B = {N | HomR(M,N ) =
0 for allM ∈ A} then B is said to be the right orthogonal complement of A. We say that the pair
(A,B) is a complementary pair whenever A is the left orthogonal complement of B and B is the right
orthogonal complement of A. In particular, if τ is a torsion theory then (Tτ ,Fτ) is a complementary
pair and every such pair defines a torsion theory.
An immediate consequence of the definition is that the class of torsion modules for a torsion
theory τ is closed under extension. For, if
0→ A→M → B→ 0
is a short exact sequence of left R-modules with A,B are τ-torsion, then for any τ-torsionfree left
R-module F, the corresponding short exact sequence
0 = Hom(B,F)→Hom(M,F)→Hom(A,F) = 0
implies thatM is also τ-torsion. Similarly, the class of torsionfreemodules is closed under extensions
too. While it is not required in the definition of a torsion theory, we will be working with torsion
theories such that the class of torsion modules is closed under submodules. Such torsion theories are
called hereditary.
A nonempty set L of left ideals of a ring R which satisfies the following conditions is called a
Gabriel filter:
(i) I ∈ L and a ∈ R implies annR(a+ I ) belongs to L.
(ii) If I is a left ideal and J ∈ L is such that annR(a+ I ) ∈ L for all a ∈ J , then I ∈ L.
Hereditary torsion theories in R-mod and Gabriel filters in R are in one-to-one correspondence [19,
Theorem VI.5.1].
1.1 Goldie’s torsion theory
Let M be a left R-module. An element m ∈ M is called a singular element of M if annR(m) = {r ∈
R | rm = 0} is an essential left ideal of R. The collection Z(M) of all singular elements of M is a
submodule ofM called the singular submodule ofM . A moduleM is called singular if Z(M) =M and
it is called nonsingular if Z(M) = 0. The class FG of all nonsingular left R-modules forms a torsionfree
class for a hereditary torsion theory on mod-R. We call this Goldie’s torsion theory and denote it by G
[9, 20].
For any right R-moduleM , its Goldie torsion submodule is tG(M) = {m ∈M |m+Z(M) ∈ Z(M/Z(M))}.
The Gabriel filter corresponding to Goldie’s torsion theory is the set of all essential left ideals L of R
such that there exists an essential left ideal L′ of R such that for every x ∈ L′, annR(x+L) = {r ∈ R | rx ∈
L} is essential in R. Hence, Goldie’s torsion class TG is precisely the class of modules with essential
singular submodule, and corresponding torsionfree class FG is the class of nonsingular modules.
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1.2 Generation & cogeneration of torsion theories, Dickson’s torsion theory
Let C be a class of left R-modules. If F is a right orthogonal complement of C and T is a left orthog-
onal complement of F , then the pair (T ,F ) is a torsion theory in R-mod, called the torsion theory
generated by C. If T is the left orthogonal complement of C and F is the right orthogonal complement
of T , then the pair (T ,F ) is a torsion theory, called the torsion theory cogenerated by C.
Let S be a representative class of nonisomorphic simple left R-modules. Then the torsion theory
D generated by S is called Dickson’s torsion theory. The class of D-torsionfree left R-modules are the
right orthogonal complements of simple left R-modules while the class of D-torsion left R-modules
are the left orthogonal complements of the class of D-torsion modules. In particular, every simple
left R-module is D-torsion. Hence the class of all D-torsionfree modules consists of all soclefree left
R-modules. Moreover, ifM ∈ TD thenM is an essential extension of its socle.
A left R-moduleM is called semi-Artinian if for every submoduleN ,M ,M/N has nonzero socle.
We first show that the class of D-torsion left R-modules is exactly the class of semi-Artinian left
R-modules.
Lemma 1. A left R-module M is D-torsion if and only if it is semi-Artinian.
Proof. LetM be a semi-Artinian left R-module and F be aD-torsionfree left R-module. Then soc(F) =
0 by definition. We show that Hom(M,F) = 0. Every nonzero R-homomorphism f ∈ Hom(M,F)
gives rise to an injective R-homomorphism f ′ : M/ ker f → F. Let S be the socle of M/ ker f . Then
f ′(S) ⊆ soc(F) = 0, hence S = 0. But this implies thatM = ker f . Hence f = 0.
Now suppose that M is a D-torsion left R-module. Since HomR(M,M/N ) , 0 for every proper
submoduleN ofM ,M/N cannot beD-torsionfree. HenceM/N has nonzero socle for every submod-
ule N ofM and soM is semi-Artinian.
Recall that a module has finite length if and only if it is both Noetherian and Artinian. In fact,
we can still have finite length if the module is Noetherian and semi-Artinian.
Lemma 2. [19, Proposition VIII.2.1] A left R-module M has finite length if and only if it is Noetherian
and semi-Artinian.
2 Stable torsion theories
A hereditary torsion theory τ on R-mod is called stable if its torsion class is closed under injective
hulls. One of the equivalent conditions for D to be stable is that modules with essential socle are
D-torsion [5, 4.13].
Dickson characterized those rings for which Dickson’s torsion theory in the category R-Mod is
stable. Indeed he considered property (⋄) for any abelian category with injective envelopes. Translat-
ing his results to the language of the present paper, for a left Noetherian ring we obtain a connection
between the stability of Dickson’s torsion theory and property (⋄) in the following, which is the main
result of the paper:
Proposition 3. The following are equivalent for a left Noetherian ring R.
(i) R satisfies property (⋄);
(ii) Dickson’s torsion theory is stable;
(iii) Any D-torsion R-module can be embedded in a D-torsion injective R-module;
(iv) Any injective R-module A decomposes as A = At ⊕ F, where At is the D-torsion part of A and F is
unique up to isomorphism and has no socle;
(v) If A is an essential extension of its socle, then its D-torsion;
(vi) For any left R-module A, its torsion part At is the unique maximal essential extension in A of its socle
soc(A).
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Proof. (i)⇒ (ii) We show that (⋄) implies the stability ofD. LetM be aD-torsion left R-module. Then
M has an essential socle and so its injective hull E(M) is a direct sum of injective hulls of simple left
R-modules because R is Noetherian. Then E(M) is locally Artinian by assumption. We show that
E(M) is D-torsion. Let f : E(M) → F be an R-module homomorphism, where F is a left R-module
with zero socle. For any x ∈ E(M), since Rx is Artinian, the restriction f : Rx→ F is zero. It follows
that f is zero and thus E(M) is also D-torsion by definition.
(v) ⇒ (i) Let S be a simple left R-module and E(S) be its injective hull. Let 0 , F ≤ E(S) be a
finitely generated submodule of E(S). Then S ≤e F ≤e E(S) and having an essential simple submod-
ule, F has an essential socle. This means, by assumption, that F is D-torsion, i.e. F is semi-Artinian
by Lemma 1. Since it is a finitely generated module over a left Noetherian ring, F is Noetherian as
well. By Lemma 2 F is Artinian. Thus E(S) is locally Artinian.
The equivalence of (ii - iv) follows from [5, 4.13].
Hence, over a Noetherian ring, the stability of Dickson’s torsion theory is a necessary and suffi-
cient condition for property (⋄). We will be looking for cases in which Dickson’s torsion theory is
stable for a left Noetherian ring R. There are two such cases which imply the stability of Dickson’s
torsion theory, but first we should introduce a partial order among the torsion theories defined on
R-mod.
For a ring R we denote the family of all hereditary torsion theories defined on R-mod by R-tors.
Note that R-tors corresponds bijectively to a set, see for example [8, Proposition 4.6]. We define a
partial order in R-tors with the help of the following result:
Proposition 4. [8, Proposition 2.1] For torsion theories τ and σ on R-mod the following conditions are
equivalent:
(a) Every τ-torsion left R-module is σ-torsion;
(b) Every σ-torsionfree left R-module is τ-torsionfree.
In case τ and σ are torsion theories on R-mod which satisfy the equivalent conditions of the above
proposition, we say that τ is a specialization of σ and that σ is a generalization of τ. We denote this
situation by τ ≤ σ . This defines a partial order in R-tors. For example, with respect to this ordering,
Goldie’s torsion theory is the smallest torsion theory in which every cyclic singular left R-module
is torsion and Dickson’s torsion theory is the smallest torsion theory in which every simple left R-
module is torsion.
3 Cyclic singular modules with nonzero socle
We now give a sufficient condition for a torsion theory to be stable. The following result is present in
the proof of Proposition 1 in [21] but it is not given explicitly. We record it as a lemma and give its
proof for the convenience of the reader.
Lemma 5. Any generalization of Goldie’s torsion theory G is stable.
Proof. Suppose that (T ,F) is a torsion theory which is a generalization of G. For all M ∈ T , since M
is essential in its injective hull E(M), E(M)/M is Goldie torsion. Since TG ⊆ T , E(M)/M also belongs
to T . Since T is closed under extensions, it follows that E(M) also belongs to T and hence (T ,F) is
stable.
In particular, Dickson’s torsion theory is stable if it is a generalization of Goldie’s torsion theory.
This can be summarized as follows:
Corollary 6. If every cyclic singular left R-module has a nonzero socle then Dickson’s torsion theory is
stable.
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Proof. By assumption, every cyclic singular left R-module has the property that every epimorphic
image has nonzero socle. Thus every such module belongs to Dickson’s torsion class. Since Goldie’s
torsion theory is the smallest torsion theory in which every cyclic singular module is torsion, it
follows that Dickson’s torsion theory is a generalization of Goldie’s torsion theory, hence it is stable.
The rings R such that every cyclic singular left R-module has a nonzero socle are called C-rings
in [17]. Alternatively, they are characterized as the rings over which neat submodules are closed in
R-mod, where a submoduleN of a left R-moduleM is called neat if any simple module S is projective
relative to the projection M →M/N and a submodule N of a module M is called closed in M if it is
not essential in any submodule ofM .
In his 1981 paper [18], P.F. Smith considers collections of left ideals to test injectivity. For a
nonempty collection C of left ideals of a ringR, we say that a left R-moduleM is C-injective if for every
left ideal I from C, every R-homomorphism I → M can be lifted to an R-homomorphism R → M .
Combining these results, we get a list of different characterizations, given in the following result:
Proposition 7. [4, 10.10][18, Lemma 4] Let R be a ring andMax be the collection of maximal left ideals
of R. The following conditions are equivalent.
(a) R is a left C-ring;
(b) Every singular module is semi-Artinian;
(c) Every neat left ideal of R is closed;
(d) A left ideal of R is closed if and only if it is neat;
(e) For every left R-module, closed submodules are neat;
(f) EveryMax-injective left R-module is injective.
Hence, a Noetherian ring satisfying any of the equivalent conditions of the above proposition
satisfies property (⋄).
4 Torsionfree projective modules
Teply considers in [21] for an arbitrary torsion theory τ the following property:
(P) every nonzero τ-torsionfree module contains a nonzero projective submodule.
It turns out that this property is closely related to Goldie’s torsion theory in the sense that if a torsion
theory τ satisfies condition (P) then τ is a generalization of Goldie’s torsion theory by [21, Proposition
1]. This in turn means that any torsion theory satisfying (P) is stable by Lemma 5.
In particular, when this is applied to Dickson’s torsion theory we find out that Dickson’s torsion
theory is stable when every nonzero soclefree module contains a nonzero projective submodule. This
means that every ring R such that Dickson’s torsion theory satisfies condition (P) in R-Mod is a C-
ring. Teply proves the following result as an equivalent condition to (P):
Proposition 8. [21, Proposition 2] Let τ be a torsion theory in R-Mod. τ satisfies condition (P) if and
only if every nonzero torsionfree left ideal contains a nonzero projective left ideal and τ is a generalization
of Goldie’s torsion theory.
Then, since over a C-ring Dickson’s torsion theory is a generalization of Goldie’s torsion theory,
for a C-ring R, Dickson’s torsion theory satisfies (P) if and only if every soclefree left ideal contains a
nonzero projective left ideal. As a concrete example we can consider Rickart rings, where a ring R is
called a left Rickart ring if and only if every principal left ideal of R is projective as a left R-module
[13, §7D].
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5 Remarks
We finish with a list of remarks.
(1) While it is true that every Noetherian C-ring has property (⋄), there are Noetherian rings
which satisfy (⋄) but are not C-rings. For example, the ring of polynomials R = K[x,y] in two indeter-
minates over a field K is a commutative Noetherian domain and hence satisfies (⋄). The ideal I = 〈x〉
is essential in R since R is a domain, but the singular module M = R/I has zero socle and hence R is
not a C-ring.
(2) Let R be a Noetherian C-domain. Let 0 , P be a prime ideal in R. Since R is a domain, P is
essential in R. Hence R/P has finite length. It follows that R/P is simple and P is a maximal ideal, so
every Noetherian C-domain satisfies the property that each prime ideal is maximal.
(3) Asmentioned in the introduction, a complete characterization of Ore extensions S = K[x][y;σ,d]
with property (⋄) has been obtained in [1]. According to their result, such an Ore extension has
property (⋄) if and only if σ , 0 has finite order or σ = 1 and d is locally nilpotent. In this case, S is
isomorphic to either the quantum plane or the first Weyl algebra with q is a root of unity. While the
first Weyl algebra is a hereditary ring, the quantum plane is not a C-ring since the prime ideal 〈x〉 is
not maximal.
(4) Another class of rings over which the cyclic singular modules have nonzero socle is the so
called class of SI-rings. A ring R is said to be a left SI-ring if every singular left R-module is injective.
SI-rings satisfy the stronger property that R/E is semisimple for every essential left ideal E of R. Of
course each SI-ring is a C-ring and a left SI-ring is hereditary. For a list of equivalent conditions for
a ring R to be a left SI-ring, see [6, 17.4].
(5) Every left hereditary Noetherian ring is a left C-ring [12, 5.4.5], but the converse is not true in
general, because there are nonhereditary C-rings. For example, a commutative Noetherian domain
R which is not integrally closed such that every nonzero prime ideal is maximal is a C-ring which
is not hereditary. To see this, first note that R is not a Dedekind domain because it is not integrally
closed. On the other hand, Dedekind domains are alternatively characterized as integral domains
which are hereditary, hence R cannot be hereditary.
(6) A particular case in which the converse holds is when R is an SC-ring, i.e., when singular
modules are continuous. In [6, 17.4] it is proved, among other things, that R is a left SI-ring if and
only if R is a left hereditary left SC-ring. Another case in which this holds is provided by Faith in [7].
A ring R is called a left QI-ring if every quasi injective left R-module is injective. Then, Faith proves
that a left QI left C-ring is hereditary [7, Theorem 18].
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